Abstract. Recently, the fixed-circle problem is introduced and studied on metric spaces. In this paper, we consider the fixed-circle problem on S-metric spaces. We investigate existence and uniqueness conditions for fixed circles of self-mappings on an S-metric space. Some examples of self-mappings having fixed circles are also given.
Introduction
It has been extensively studied the existence and uniqueness theorems of fixed points satisfy some contractive conditions since the time of Stefan Banach (see [1] and [2] ). Then many authors have been investigated new fixed point theorems on metric spaces or generalizations of metric spaces such as S-metric spaces. For example, Sedghi, Shobe and Aliouche obtained the Banach's contraction principle on S-metric spaces in [10] . The present authors studied some generalizations of the Banach's contraction principle on S-metric spaces in [7] . Also they investigated new fixed point theorems for the following contractive condition (which is called Rhoades' condition [9] ) on S-metric spaces in [5] and [13] :
(S25) S(T x, T x, T y) < max{S(x, x, y), S(T x, T x, x), S(T y, T y, y),
S(T y, T y, x), S(T x, T x, y)},
for each x, y ∈ X, x = y. Then they gave the concept of diameter on S-metric spaces and obtained a new contractive condition using this notion as follows [5] :
(S25a) S(T x, T x, T y) < diam{U x ∪ U y }, for each x, y ∈ X (x = y), where U x = {T n x : n ∈ N}, U y = {T n y : n ∈ N}, diam{U x } < ∞ and diam{U y } < ∞.
Although it has been studied the existence of fixed points of functions on various metric spaces but there is no study on the existence of fixed circles. The fixed circle problem arises naturally. There are some examples of functions with a fixed circle on some special metric spaces. For example, let C be an S-metric space with the S-metric S(z, w, t) = |z − t| + |w − t| 2 ,
Preliminaries
In this section we recall some definitions and basic facts about S-metric spaces. At first, we recall the concept of an S-metric space.
Definition 2.1.
[10] Let X be nonempty set and S : X 3 → [0, ∞) be a function satisfying the following conditions for all x, y, z, a ∈ X.
(1) S(x, y, z) = 0 if and only if x = y = z, (2) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a).
Then S is called an S-metric on X and the pair (X, S) is called an S-metric space.
The following lemma is used in the proof of some theorems.
Lemma 2.1.
[10] Let (X, S) be an S-metric space. Then S(x, x, y) = S(y, y, x).
The relationships between a metric and an S-metric was given in the following lemma.
Lemma 2.2.
[3] Let (X, d) be a metric space. Then the following properties are satisfied:
The metric S d was called as the S-metric generated by d [6] . The notions of an open ball, a closed ball and diameter were introduced on S-metric spaces as the following definitions.
Definition 2.2.
[10] Let (X, S) be an S-metric space. The open ball B S (x 0 , r) and closed ball B S [x 0 , r] with a center x 0 and a radius r are defined by
for r > 0 and x 0 ∈ X.
Definition 2.3.
[5] Let (X, S) be an S-metric space and A be a nonempty subset of X. The diameter of A is defined by
If A is S-bounded, then we will write diam{A} < ∞.
Now we define the notion of a circle on an S-metric space.
Definition 2.4. Let (X, S) be an S-metric space and x 0 ∈ X, r ∈ (0, ∞). We define the circle centered at x 0 with radius r as C S x0,r = {x ∈ X : S(x, x, x 0 ) = r}.
Example 2.1. Let X = R 3 and the function S 1 : X 3 → [0, ∞) be defined by
for all x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) and z = (z 1 , z 2 , z 3 ). Then S 1 is an S-metric on R 3 and the pair R 3 , S 1 is an S-metric space.
If we choose x 0 = 0 = (0, 0, 0) and r = 10, then we get
as shown in Figure 1 .
Example 2.2. Let X = R 3 and the function S 2 : X 3 → [0, ∞) be defined by
for all x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) and z = (z 1 , z 2 , z 3 ). Then S 2 is an S-metric on R 3 and the pair R 3 , S 2 is an S-metric space. It can be easily seen that this S-metric is not generated by any metric. Example 2.3. Let X = R 2 and the function S 3 :
for all x = (x 1 , x 2 ), y = (y 1 , y 2 ) and z = (z 1 , z 2 ). Then S 3 is an S-metric on R 2 and the pair R 2 , S 3 is an S-metric space.
It can be easily seen that this S-metric is not generated by any metric. Conversely, suppose that there exists a metric d such that
for all x, y, z ∈ R 2 . Then we obtain
and
for all x, y, z ∈ R 2 . Hence we have
which is a contradiction. Consequently, the S-metric is not generated by any metric d.
If we choose x 0 = (0, 0) and r = 2, then we get Example 2.4. Let X = R 3 and the function S 4 :
for all x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) and z = (z 1 , z 2 , z 3 ). Then S 4 is an S-metric on R 3 and the pair R 3 , S 4 is an S-metric space.
as shown in Figure 2 .
Example 2.5. Let X = R 3 and the function S 5 : X 3 → [0, ∞) be defined by
for all x = (x 1 , x 2 , x 3 ), y = (y 1 , y 2 , y 3 ) and z = (z 1 , z 2 , z 3 ). Then S 5 is an S-metric on R 3 and the pair R 3 , S 5 is an S-metric space. If we choose x 0 = 0 = (0, 0, 0) and r = 8, then we get
as shown in Figure 3 .
Some Fixed-Circle Theorems on S-Metric Spaces
In this section we introduce the notion of a fixed circle on an S-metric space. Then we investigate some existence and uniqueness theorems for self-mappings having fixed circles using this notion.
Definition 3.1. Let (X, S) be an S-metric space, C S x0,r = {x ∈ X : S(x, x, x 0 ) = r} be a circle on X and T : X → X be a self-mapping. If T x = x for all x ∈ C S x0,r then we call the circle C S x0,r as the fixed circle of T .
3.1. The existence of fixed circles. In this section we obtain some existence theorems for fixed circles.
Theorem 3.1. Let (X, S) be an S-metric space and C S x0,r be any circle on X. Let us define the mapping
for all x ∈ X. If there exists a self-mapping T : X → X satisfying
3)
for all x ∈ C S x0,r , then C S x0,r is a fixed circle of T .
Proof. Let x ∈ C S x0,r . Then using the conditions (3.2), (3.3), Lemma 2.1 and the triangle inequality, we get
,r is a fixed circle of T . for all x, y, z ∈ R [11] . Then (X, S) is called the usual S-metric space. Let us consider the circle C S 0,2 and define the self-mapping T 1 : R → R as
for all x ∈ R. Then the self-mapping T 1 satisfies the conditions (3.2) and (3.3). Hence C S 0,2 is a fixed circle of T 1 .
Notice that C is another fixed circle of T 1 and so the fixed circle is not unique for a giving self-mapping.
On the other hand, if we consider the usual metric d on R then we obtain C 0,2 = {−2, 2}. The circle C 0,2 is not a fixed circle of T 1 .
Example 3.2. Let X = R 2 and the function S : for all x = (x 1 , x 2 ), y = (y 1 , y 2 ) and z = (z 1 , z 2 ). Then it can be easily seen that S is an S-metric on R 2 , which is not generated by any metric, and the pair R 2 , S is an S-metric space.
Let us consider the unit circle C S 0,1 and define the self-mapping T 2 : R → R as
for all x ∈ R 2 . Then the self-mapping T 2 satisfies the conditions (3.2) and (3.3). Therefore
is a fixed circle of T 2 as shown in Figure 4 .
In the following example, we give an example of a self-mapping which satisfies the condition (3.2) and does not satisfy the condition (3.3). for all x, y, z ∈ R [6] . Then (X, S) is an S-metric space. Let us consider the circle C S 0,3 and define the self-mapping T 3 : R → R as
; otherwise , for all x ∈ R. Then the self-mapping T 3 satisfies the condition (3.2) but does not satisfy the condition (3.3). Clearly T 3 does not fix the circle C S 0,3 .
In the following example, we give an example of a self-mapping which satisfies the condition (3.3) and does not satisfy the condition (3.2).
Example 3.4. Let (X, S) be an S-metric space, C S x0,r be a circle on X and the self-mapping T 4 : X → X be defined as
for all x ∈ X. Then the self-mapping T 4 satisfies the condition (3.3) but does not satisfy the condition (3.2). Clearly T 4 does not fix a circle C S x0,r . Now we give another existence theorem for fixed circles. for all x ∈ C S x0,r and some h ∈ [0, 1), then C S x0,r is a fixed circle of T .
Proof. Let x ∈ C S x0,r . On the contrary, assume that x = T x. Then using the conditions (3.4) and (3.5), we obtain
which is a contradiction since h ∈ [0, 1). Hence we get T x = x and C S x0,r is a fixed circle of T . 2) If an S-metric is generated by any metric d, then Theorem 3.2 can be used on the corresponding metric space. Now we give some examples of self-mappings which have a fixed-circle. and define the self-mapping T 5 : R → R as
; otherwise , for all x ∈ R. Then the self-mapping T 5 satisfies the conditions (3.4) and (3.5). Hence C S 1,2 is a fixed circle of T 5 .
On the other hand, if we consider the usual metric d on R then we have C 1,2 = {−1, 3}. The circle C 1,2 is not a fixed circle of T 5 . But C 1,1 is a fixed circle of T 5 on (X, d).
Example 3.6. Let X = R 2 and the function S : X 3 → [0, ∞) be defined by
for all x = (x 1 , x 2 ), y = (y 1 , y 2 ) and z = (z 1 , z 2 ). Then it can be easily checked that S is an S-metric on R 2 , which is not generated by any metric, and the pair R 2 , S is an S-metric space.
Let us consider the circle C S x0,r centered at x 0 = (0, 0) with radius r = 2 and define the selfmapping T 6 : R → R as
(ln 2, 0) ; otherwise , for all x ∈ R 2 . Then the self-mapping T 6 satisfies the conditions (3.4) and (3.5). Therefore
is the fixed circle of T 6 as shown in Figure 5 .
In the following example, we give an example of a self-mapping which satisfies the condition (3.4) and does not satisfy the condition (3.5).
Example 3.7. Let (X, S) be an S-metric space, C S x0,r be a circle on X and the self-mapping T 7 : X → X be defined as
for all x ∈ X. Then the self-mapping T 7 satisfies the condition (3.4) but does not satisfy the condition (3.5). It can be easily seen that T 7 does not fix a circle C S x0,r .
In the following example, we give an example of a self-mapping which satisfies the condition (3.5) and does not satisfy the condition (3.4).
Example 3.8. Let X = R and (X, S) be an S-metric space with S-metric defined as in Example 3.3. Let us consider the unit circle C S 0,1 and define the self-mapping T 8 : R → R as
for all x ∈ R. Then the self-mapping T 8 satisfies the condition (3.5) but does not satisfy the condition (3.4). It can be easily shown that T 8 does not fix the unit circle C S 0,1 .
Let I X : X → X be the identity map defined as I X (x) = x for all x ∈ X. Notice that the identity map satisfies the conditions (3.2) and (3.3) (resp. (3.4) and (3.5)) in Theorem 3.1 (resp. Theorem 3.2) for any circle. Now we determine a condition which excludes the I X in Theorem 3.1 and Theorem 3.2. We give the following theorem. Theorem 3.3. Let (X, S) be an S-metric space, T : X → X be a self mapping having a fixed circle C S x0,r and the mapping ϕ be defined as (3.1). The self-mapping T satisfies the condition
for all x ∈ X and some h > 2 if and only if T = I X .
Proof. Let x ∈ X be an arbitrary element. Then using the inequality (I S ), Lemma 2.1 and triangle inequality, we obtain
and so
Since h > 2 it should be S(x, x, T x) = 0 and so T x = x. Consequently, we obtain T = I X . Conversely, it is clear that the identity map I X satisfies the condition (I S ).
Remark 3.3. 1) If a self-mapping T , which has a fixed circle, satisfies the conditions (3.2) and (3.3) (resp. (3.4) and (3.5)) in Theorem 3.1 (resp. Theorem 3.2) but does not satisfy the condition (I S ) in Theorem 3.3 then the self-mapping T can not be identity map.
2) If an S-metric is generated by any metric d, then Theorem 3.3 can be used on the corresponding metric space.
3.2.
The uniqueness of fixed circles. In this section we investigate the uniqueness of fixed circles obtained in the existence theorems. Let (X, S) be an S-metric space. For any given circles C S x0,r and C S x1,ρ on X, we notice that there exists at least one self-mapping T of X such that T fixes the circles C for all x ∈ X. If we define the self-mapping T : X → X as
for all x ∈ X, where α is a constant satisfying S(α, α, x 0 ) = r and S(α, α, x 1 ) = ρ, it can be easily that the self-mapping T : X → X satisfies the conditions (3.2) and (3.3) in Theorem 3.1 (resp. (3.4) and (3.5) in Theorem 3.2) for the circles C S x0,r and C S x1,ρ using the mappings ϕ 1 and ϕ 2 , respectively. Hence T fixes both of the circles C S x0,r and C S x1,ρ . By this way, the number of fixed circles can be extended to any positive integer n using the same arguments.
In the following example, the self-mapping T 9 has two fixed circle.
Example 3.9. Let X = R and (X, S) be an S-metric space with the S-metric defined in Example 3.3. Let us consider the circles C S 0,2 , C S 0,4 and define the self-mapping T 9 : R → R as
for all x ∈ X where α ∈ X. Then the conditions (3.2) and (3.3) are satisfied by T 9 for the circles C Now we investigate uniqueness conditions for the fixed circles in Theorem 3.1 using Rhoades' contractive condition on S-metric spaces.
Theorem 3.4. Let (X, S) be an S-metric space and C S x0,r be any circle on X. Let T : X → X be a self-mapping satisfying the conditions (3.2) and (3. In the following example we show that C S x0,r is not necessarily unique in Theorem 3.2.
Example 3.10. Let (X, S) be an S-metric space and C x1,r1 ,· · · , C xn,rn be any circles on X. Let us define the self-mapping T 10 : X → X as
C xi,ri x 0 ; otherwise , for all x ∈ X, where x 0 is a constant in X. Then it can be easily checked that the conditions (3.4) and (3.5) are satisfied by T 10 for the circles C x1,r1 ,· · · , C xn,rn , respectively. Consequently, the circles C x1,r1 ,· · · , C xn,rn are fixed circles of T 10 . Notice that these circles do not have to be disjoint.
Now we give the following uniqueness theorem for the fixed circles in Theorem 3.2 using the notion of diameter on S-metric spaces.
Theorem 3.5. Let (X, S) be an S-metric space, C S x0,r be any circle on X, U x = {T n x : n ∈ N}, U y = {T n y : n ∈ N}, diam{U x } < ∞ and diam{U y } < ∞. Let T : X → X be a self-mapping satisfying the conditions (3.4) and (3.5) given in Theorem 3.2. If the contractive condition S(T x, T x, T y) < diam{U x ∪ U y },
is satisfied for all x ∈ C S x0,r , y ∈ X \ C be arbitrary points with x = y. Using the contractive condition (3.7) we obtain S(x, x, y) = S(T x, T x, T y) < diam{U x ∪ U y } = S(x, x, y), which is a contradiction. Hence it should be x = y. Consequently, C S x0,r is the unique fixed circle of T .
